We analyse a relativistic scalar particle with a position-dependent mass in a spacetime with a space-like dislocation by showing that relativistic bound states solutions can be achieved. Further, we consider the presence of the Coulomb potential and analyse the relativistic position-dependent mass system subject to the Coulomb potential in the spacetime with a space-like dislocation. We also show that a new set of relativistic bound states solutions can be obtained, where there also exists the influence of torsion of the relativistic energy levels. Finally, we investigate an analogue of the Aharonov-Bohm effect for bound states in this position-dependent mass in a spacetime with a space-like dislocation.
I. INTRODUCTION
Position-dependent mass systems have have attracted a great deal of attention in condensed matter physics due to the developments achieved in recent decades in studies of semiconductors [1] [2] [3] , quantum liquids [4] and quantum dots [5] . At present days, several discussions can be found in the literature with the purpose of showing different ways of dealing with position dependent-mass systems [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] . Another context has been discussed in Ref. [22] that has a particular interest in quantum field theory [23, 24] . In that case, a position-dependent mass system can be built by introducing a scalar potential as a modification in the mass term of the Klein-Gordon equation. In this way, the quark-antiquark interaction has been dealt with in Ref. [23] as a position-dependent mass system. It is worth mentioning other interests in position-dependent mass systems, such as, in PT -symmetric quantum mechanics [25] [26] [27] , supersymmetric quantum mechanics [28] [29] [30] and relativistic quantum mechanics [31] [32] [33] [34] [35] [36] [37] .
In this work, we investigate relativistic quantum effects on a scalar particle that possesses a position-dependent mass in a spacetime with a space-like dislocation. It is worth emphasizing that a spacetime with a space-like dislocation corresponds to a topological defect spacetime associated with the presence of torsion in the spacetime [38] . In quantum mechanics, the background defined by a spacetime with a space-like dislocation has been explored in studies of the Aharonov-Bohm effect for bound states [39] , quantum scattering [40, 41] , harmonic oscillator [42] , noninertial effects [43] , Kaluza-Klein theory [44] and the Dirac oscillator [45] .
The structure of this paper is as follows: in section II, we introduce a relativistic positiondependent mass system in a topological defect spacetime, then, we show that we can solve the Klein-Gordon equation analytically and discuss the influence of torsion on the relativistic energy levels; in section III, we analyse the influence of the Coulomb interaction and torsion on the relativistic position-dependent mass system by obtaining the relativistic bound states solutions. In particular, we calculate the allowed energies for the lowest energy state of the system; in section IV, we investigate the influence of torsion and the Aharonov-Bohm quantum flux [46] on the relativistic position-dependent mass system. We show that relativistic bound states solutions can be achieved. In particular, we obtain the relativistic energy levels of the lowest energy state of the system and show the dependence of these energy levels on the the Aharonov-Bohm quantum flux [46] and the parameter associated with torsion.
From this dependence of the relativistic energy levels on the geometric quantum phase, we calculate the persistent current associated with the lowest energy state of the system. In section V, we present ours conclusions.
II. RELATIVISTIC POSITION-DEPENDENT MASS PARTICLE IN A SPACE-TIME WITH A SPACE-LIKE DISLOCATION
In this section, we analyse the behaviour of a relativistic scalar particle with a positiondependent mass in a spacetime with a space-like dislocation. This position-dependent mass system is built by introducing a scalar potential as a modification in the mass term of the Klein-Gordon equation as: m → m + S ( r), where S ( r) is the scalar potential [22] . In the present work, we assume that the relativistic scalar particle possesses a position-dependent mass given by
where ν is a constant parameter that characterizes the scalar potential S ( r) = ν ρ, where ρ = x 2 + y 2 is the radial coordinate. Therefore, the relativistic quantum description of this position-dependent mass system is given by the Klein-Gordon equation:
Now, let us consider a spacetime with a space-like dislocation, where the line element is given in the form [37, 38] :
In Eq. (3), the parameter χ is a constant parameter related to torsion, where the torsion corresponds to a singularity at the origin [37, 38, 41, 42] . In contrast to the elastic theory in condensed matter physics [47, 48] , the parameter χ is related to the Burgers vector b via χ = b/2π. Thereby, the Klein-Gordon equation (2) in the spacetime with a space-like dislocation (2), becomes
A solution to Eq. (4) can be written through the ansatz:
where l = 0, ±1, ±2, . . . and R (ρ) is a function of the radial coordinate. Then, we have
Let us perform a change of variables given by ξ = √ ν ρ, hence, the radial equation (6) becomes
where we have defined
. By analysing the asymptotic behaviour at ξ → 0 and ξ → ∞, then, we can write the function R (ξ) in terms of an unknown function G (ξ) in the form [49] [50] [51] [52] :
and thus, by substituting Eq. (8) into Eq. (7), we obtain that the function G (ξ) is a solution to the following second order differential equation:
This second order differential equation is called as the biconfluent Heun equation [52] , and
, 0, ξ is the biconfluent Heun function.
Let us search for polynomial solutions to Eq. (9), then, for this purpose, we write the solution to Eq. (9) as a power series expansion around the origin: , 53] . Hence, by substituting this series into Eq. (9), we obtain the recurrence relation
and the relation
where
Note that polynomial solutions to the function G (ξ) are achieved by imposing that the biconfluent Heun series becomes a polynomial of degree n. From the recurrence relation (10),
we have that the biconfluent Heun series becomes a polynomial of degree n by imposing that [36, 49] :
where n = 1, 2, 3, . . .. With the condition λ = 2n, we obtain
On the other hand, if we wish to analyse the condition a n+1 = 0, we need to obtain some coefficients of the power series expansion. Let us start with a 0 = 1, then, from Eqs. (10) and (11) we obtain a 1 = α 2 and a 2 =
. In this way, if we take the lowest energy state (n = 1), we have a n+1 = a 2 = 0, and then,
i.e., in order to achieve polynomial solutions to the function G (r), we have assumed that the parameter ν associated with the linear scalar potential in Eq.
(1) must be chosen with the purpose of satisfying the condition a n+1 = 0, therefore, we have labeled ν = ν n, l, k in Eq.
(15). With the relation given in Eq. (15), we have that the possible values of the parameter ν are determined by the parameter associated with torsion and the quantum numbers {n, l, k} of the system. By substituting Eq. (15) into Eq. (14), the allowed energies for the lowest energy state are given by
Hence, for each relativistic energy level we have a different expression for ν and, thus, we can rewrite Eq. (14) as
which is the general expression for the relativistic energy levels for the position-dependent mass system described in Eq.
(1) in the spacetime with a space-like dislocation. Note that we can observe the influence of torsion in Eqs. (16) and (17) through the presence of the parameter χ, which is the constant parameter related to torsion. It yields a shift in the angular momentum that gives rise to an effective angular momentum quantum number l eff = l − χ k. As pointed out in Ref. [39] , this shift is analogous to the Aharonov-Bohm effect [46, 66] , where the shift in the angular momentum is given byl = l −eΦ/2π. By taking χ = 0, then, we obtain in Eq. (17) the relativistic energy levels for the position-dependent mass system in the Minkowski spacetime.
III. EFFECTS OF THE COULOMB INTERACTION ON THE RELATIVISTIC POSITION-DEPENDENT MASS SYSTEM
On the other hand, the Coulomb potential can be introduced into the Klein-Gordon equation through a minimal couplingp µ →p µ − q A µ (x) [22] , where q is the electric charge and
A is the electromagnetic 4-vector potential. Then, in this section, we analyse the relativistic position-dependent mass system given in Eq.
(1) subject to the Coulomb potential in the spacetime with a space-like dislocation (3). Thereby, the corresponding Klein-Gordon equation is:
From now on, we write the term associated with the Coulomb potential as
where b is a constant. Then, the Klein-Gordon equation (2) in the spacetime with a spacelike dislocation (3),becomes
By using the same ansatz given in (5) and by performing the change of variables ξ = √ ν ρ as in the previous section, we obtain the second order differential equation:
. In order to obtain a radial wave function in which is well-behaved at ξ → 0 and ξ → ∞, then, we write the solution to Eq. (20) in the form:
whereḠ (ξ) is an unknown function. By substituting Eq. (21) into Eq. (20), we obtain
which is also the biconfluent Heun equation [52] [53] , and then, we obtain the recurrence relation
and we also have
By starting with d 0 = 1, we obtain with Eqs. (23) and (24) that d 1 =τ (1+2|η|) and
−λ 2(2+2|η|) . Again, we have that polynomial solutions to the function G (ξ) are achieved by imposing that the biconfluent Heun series becomes a polynomial of degree n. From the recurrence relation (23), we need to impose thatλ = 2n and d n+1 = 0, with n = 1, 2, 3, . . .. With the conditionλ = 2n, we obtain the general expression for the relativistic energy levels:
where we have labelled ν = ν n, l, k as in the previous section and defined
Further, let us analyse the condition d n+1 = 0 by working with the lowest energy state n = 1.
In this case, we have that d n+1 = d 2 = 0, and then, the possible values of the parameter ν are determined by
where we can see that the possible values of ν are determined by the parameters associated with torsion and the Coulomb potential, and then, by the quantum numbers of the system {n, l, k}. With the result given in Eq. (27) , hence, the allowed energies for the lowest energy state are
Hence, Eq. (26) corresponds to the general expression for the relativistic energy levels of the position-dependent mass system given in Eq. (1) under the influence of the Coulomb potential in the spacetime with a space-like dislocation. By comparing the expressions for the relativistic energy levels (26) and (28) with that ones obtained in the previous section,
we have that the presence of the Coulomb potential modifies the spectrum of energy of the relativistic position-dependent mass system. Besides, from Eqs. (26) and (28), we have that torsion effects exist on the relativistic energy levels. Note that by taking χ = 0 in Eqs. (26) and (28), we obtain the general expression of the relativistic energy levels and the allowed energies of the lowest energy state in the Minkowski spacetime.
IV. AHARONOV-BOHM EFFECT FOR BOUND STATES
In this section, let us consider the electromagnetic 4-vector potential to be given by the
, where Φ B denotes the Aharonov-Bohm quantum flux [46, 54] . It is worth mentioning other works that have investigated the Aharonov-Bohm effect [55] [56] [57] [58] [59] [60] [61] [62] [63] [64] [65] . In this way, the Klein-Gordon equation (18) becomes:
Note that, by replacing
, we can follow the same steps from Eq. (5) to Eq. (17) in order to solve the Klein-Gordon equation (29) . In this way, the general expression for the relativistic energy levels for the position-dependent mass system described in Eq. (1) in the spacetime with a space-like dislocation becomes
where there exists the influence of the Aharonov-Bohm geometric quantum phase Φ B and the topological defect on the relativistic energy levels. This dependence of the relativistic energy levels on the geometric quantum phase corresponds to a relativistic analogue of the Aharonov-Bohm effect for bound states [45, 66, 67] . Furthermore, by dealing with the lowest energy state of the system, we follow the steps from Eq. (10) to Eq. (15) and obtain
Hence, the possible values of the parameter ν depend on the Aharonov-Bohm geometric quantum phase [46] , the parameter associated with torsion and the quantum numbers {n, l, k} of the system in order that polynomial solutions to the radial wave function can be achieved. By substituting Eq. (31), the allowed energies for the lowest energy state are
given by
It is worth noting that there exists torsion effects on both the general expression of the relativistic energy levels (30) and the particular case obtained in Eq. (32) . However, by taking χ = 0 in Eqs. (30)- (32), we obtain the relativistic analogue of the Aharonov-Bohm effect for bound states in the Minkowski spacetime. On the other hand, by taking Φ B = 0 in Eqs. (30) and (32), we recover the results obtained in Eqs. (14)- (17).
In recent years, it has been discussed the dependence of the energy levels on the geometric quantum phase in relativistic quantum systems [44, 45, 67, 68] and an analogue of a wellknown effect in condensed matter systems called as the persistent currents [69] [70] [71] [72] [73] . It can be found in the literature studies of persistent currents associated with the Berry phase [74, 75] , the Aharonov-Anandan quantum phase [76, 77] and the Aharonov-Casher geometric quantum phase [78] [79] [80] [81] . According to Refs. [69] [70] [71] , the expression for the total persistent currents is given by I = n, l I n, l , where
is called as the Byers-Yang relation [45, 69] . Therefore, the persistent current associated with the lowest energy state of the system is given by [82] 
By observing the persistent current associated with the lowest energy state (33), we can see the influence of torsion on the persistent current. By taking χ = 0, then, we obtain the persistent current associated with the lowest energy state in the Minkowski spacetime.
Therefore, the presence of torsion in the spacetime means that the effects of torsion change the pattern of oscillations of the persistent currents [45] .
V. CONCLUSIONS
We have investigated the effects of torsion of a relativistic position-dependent mass system 
